Here we examine non-experimental data collected in the undergraduate course in ordinary differential equations taught by the first author in 2015 and conduct some statistical tests.
Data
The first author taught an ordinary differential equations course in 2015 and 2016. Students could choose between two learning activities, clickers and handwritten homework (HW). To get the full score for the learning activities, they needed to have solved more than a certain number of exercises of either type. They could invest all their effort into homework and occasionally attend clicker sessions, or they could invest all their effort into clicker sessions and do homework occasionally, or they could try an even mixture of homework and clickers. Clicker sessions were early in the morning and, presumably, low-motivated students preferred homework. Most students had not been previously exposed to clickers but had been familiar to homework since childhood. Students were encouraged but not forced to collaborate on both activities. Either homework or clicker questions covered about 70% of material that later appeared in the final exam, but students did not know this in advance. Below is a sample of the data (names are fake and exam scores have been rescaled so that the minimum is 0 and maximum 100).
##
name examCalc1 Here, examCalc1, examCalc2, examCalc3, examLA1, examLA2 are exam scores from previous courses that have been used to predict the final exam score in ordinary differential equations and addedValue is the residual of the model, i.e., actual exam score minus the predicted exam score. Thus addedValue measures students' achievement controlled for the pre-knowledge measured as exam scores in previous courses. The last two columns, predicted exam scores and added values, have been computed in Mathematica via symbolic regression using our app that can be found here: http://tinyurl.com/edex-custom-notebook.
The linear correlation between the actual exam score and the predicted score is 0.7230345. It can be interpreted as the model's precision, share of variance of the response variable explained by predictors, i.e., by previous exams in similar courses. A low p-value tells us that it is very unlikely that added values follow a normal distribution.
Histogram of added values

Scatterplot of clicker scores vs HW scores
Below is a scatterplot where each point represents a student, x-coordinate her HW score and y-coordinate her clicker score. Both HW and clicker scores have been rescaled so that the minimum is 0 and maximum is 1. The color reporesents preference towards HW (red, bottom/right corner of the diagram) or clickers (blue, top/left corner of the diagram). With an appropriate level of committment, it wasn't too hard for students to solve a large number of clicker questions or a large number of HW questions and hence x and y coordinates in this plot measure preference towards one or the other learning activity rather than a student's talent. 
Statistical hypothesis testing
Here, we identify
• Group 1 (HW-lovers) -students who prefer homework to clickers • Group 2 (clicker-lovers) -students who prefer clickers to homework Then we test the null hypothesis that their added values are, on the average (i.e., mean or median added value) equal vs the alternative hypothesis that • They are not equal
• Added values of clicker-lovers are higher than those of HW-lovers
There are different ways to identify clicker lovers and HW-lovers.
Identifying HW-lovers and clicker-lovers based on the ratio y/x
Recall that x is the scaled HW score and y is the scaled clicker score. The ratio y/x measures preference towards clickers or homework. For instance, y/x ≈ 1 for students who invested equal amount of effort into HW and clickers, it is close to 0 for students who invested more effort into HW than into clickers, and it is a large or even infinite positive number for students who invested more effort into clickers than HW.
We choose a threshold q and define group 1 (HW-lovers) to be students with y/x below the q-quantile and group 2 (clicker-lovers) to be students with y/x above the (1 − q)-quantile. All students who are not in groups 1 or 2 can be thought as "neutral" towards HW or clickers. Let's begin with setting q = 0.1. The number of HW-lovers is 21; the number of clicker-lovers is 21.
Now let's do statistical tests:
• Mann-Whitney-Wilcoxon u-test with the null hypothesis that the true median added value in the group of HW-lovers is the same as the true median added value in the group of clicker-lovers; two-sided and one-sided.
• Welch t-test with the null hypothesis that the true mean added value in the group of HW-lovers is the same as the true mean added value in the group of clicker-lovers; two-sided and one-sided. Note that results depend on the type of a test for statistical significance that we use. For instance, the common one-sided t-test gives us the p-value that sufficient to establish statistical significance at the level p = 0.1. However, it may not be appropriateto use the t-test here since the data do not follow the normal distribution. The non-parametric Mann-Whitney-Wilcoxon u-test is probably more appropriate.
##
However, if we change the threshold from q = 0.1 to q = 0.09, i.e., define the groups of HW-lovers and clicker-lovers to be top and bottom 9% of the metric y/x instead of top and bottom 10%, then the difference in both median and mean between HW-lovers and clicker-lovers become statistically significant: Let us now experiment with different values of thresholds. For threshold values q between 0.05 and 0.2, we identify the group of HW-lovers and the clicker-lovers depending on q and report q, N (the sample size, which is equal for the two groups), median and mean in group 1 (HW-lovers) and group 2 (clicker-lovers), Cohen's d (effect size), and p-values of the one-sided u-test (for statistical significance of the difference in samle medians) and the t-test (for statistical siginificance of the difference in means): The fact that mean and median added values in group 2 are higher than in group 1 persists regardless of the sample sizes. However, this result is only statistically significant for certain values of sample size.
Identifying HW-lovers and clicker-lovers based on the difference y − x
Recall that x is the scaled HW score and y is the scaled clicker score. The difference y − x measures preference towards clickers or homework too. For instance, y − x ≈ 0 for students who invested equal amount of effort into HW and clickers, it is negative for students who invested more effort into HW than into clickers, and positive for students who invested more effort into clickers than HW.
We choose a threshold q and define group 1 (HW-lovers) to be students with y − x below the q-quantile and group 2 (clicker-lovers) to be students with y − x above the (1 − q)-quantile. All students who are not in groups 1 or 2 can be thought as "neutral" towards HW or clickers. Let's begin with setting q = 0.1. Below is a whisker chart of three groups: Now statistical significance is achieved when the threshold is 15% or 16%.
Identifying HW-lovers and clicker-lovers based on the x and y separately.
Recall that x is the scaled HW score and y is the scaled clicker-score. Let us say that HW-lovers are students whose HW score is above the median while clicker score is below the median. Likewise, clicker-lovers are students whose clicker score is above the median while HW score is below the median. The rest are "neutral".
Below are some statistics: We could go further, set several thresholds and define HW-lovers to be students whose HW score is above a certain threshold and whose clicker score is below a certain, second, threshold; and clicker-lovers to be students whose clicker score is above a third threshold and HW score is below a fourth threshold. We could become even more creative and invent some other way to define HW-lovers and clicker-lovers. This demonstrates that data can be manipulated with to produce more impressive results to increase statistical significance.
Regression analysis
An alternative approach to show that clickers were a more effective teaching method in the course than handwritten homework is conducting standard regression analysis. The response variable is the added value and regressors are HW, clicker, or both HW and clicker scores.
We find that there is no significant correlation between added values and HW score, but there is a positive correlation between added values and clicker score, i.e., students with higher clicker scores tend to achieve higher results in the course. This positive correlation is statistically significant at the level p = 0.1. This shows that an increase by 1% in HW score is linked to a decrease by 0.006 in added value. The fact that the sign of the regression coefficient is negative is not statistically significant.
Regression of added values vs HW score
